The complete next-to-next-to-next-to-leading order short-distance and bound-state QCD corrections to Υ(1S) leptonic decay rate Γ(Υ(1S) → ℓ + ℓ − ) has been finished by Beneke et al. [6]. Based on those improvements, we present a renormalization group (RG) improved pQCD prediction for Γ(Υ(1S) → ℓ + ℓ − ) by applying the principle of maximum conformality (PMC). The PMC is based on RG-invariance and is designed to solve the pQCD renormalization scheme and scale ambiguities. After applying the PMC for Υ(1S) leptonic decay, all known-type of β-terms at all orders, which are controlled by the RG-equation, are resummed to determine optimal renormalization scales for its strong running coupling at each order. We then achieve a more convergent pQCD series, a schemeindependent and more accurate pQCD prediction, i.e. Γ Υ(1S)→e + e − |PMC = 1.361 +0.154 −0.214 keV, where the uncertainty is squared average of the mentioned pQCD error sources. This RG-improved pQCD prediction agrees well with the experimental measurement within errors.
I. INTRODUCTION
Heavy quarkonium provides an ideal platform for studying non-relativistic theories, such as the nonrelativistic Quantum Chromodynamics (NRQCD) [1] and the potential NRQCD (PNRQCD) [2] . In general, because v 2 b < v 2 c and α s (m b ) < α s (m c ), the perturbative results for the bottomonium will be more convergent over the α s -and v 2 -expansion than the charmonium cases, where v (b,c) stands for the relative velocity of constituent b or c quark in the bottomonium or charmonium rest frame. If enough bottomonium events can be generated at an experimental platform, we can achieve a relatively more definite test of those non-relativistic theories than the charmonium cases.
Being an important high-energy process, the leptonic decay of the ground-state bottomonium Υ(1S) has been studied up to next-to-leading order (NLO) [3, 4] , nextto-next-to-leading order (N 2 LO) [5] , and next-to-nextto-next-to-leading order (N 3 LO) [6] . However, even by including the recently finished complete N 3 LO QCD corrections for both the short-distance and the boundstate parts, the pQCD prediction for the decay rate Γ Υ(1S)→e + e − is still about 30% lower than the PDG value, i.e. Γ Υ(1S)→e + e − | Exp. = 1.340 (18) keV [7] . Even worse, its pQCD convergence is questionable and one does not know what's the optimal behavior of the running coupling. It is noted that the questionable pQCD series is caused by using conventional scale setting, in which the renormalization scale is simply fixed to be ∼ 3.5 GeV that leads to maximum decay rate and the renormalization scale uncertainty is predicted by varying it within the range µ r ∈ [3, 10] GeV [6] . To solve such renormalization scale ambiguity and to improve the pQCD prediction, we shall use the principle of maximum conformality * wuxg@cqu.edu.cn (PMC) [8] [9] [10] [11] to deal with Υ(1S) leptonic decay rate up to N 3 LO level. The PMC provides a systematic procedure to set the optimal renormalization scale for high-energy processes at any order. The behavior of the running coupling is governed by renormalization group (RG)-equation, i.e. the β-function [12] [13] [14] [15] ,
where a s = α s /4π and µ r is the renormalization scale. This provides the underlying principle of PMC, i.e. the optimal behavior of running coupling can be achieved by resumming all the {β i }-terms of the process that correctly determine the α s -running behavior into the coupling constant. Following the PMC R δ -scheme, the β-pattern at each perturbative order is a superposition of the {β i }-terms coming from all the lower-order α sfactors [10] . The PMC then resums the {β i }-series according to the skeleton-like expansion that correctly reproduces the QED limit of the observable [16] . The resultant PMC scales are functions of the running coupling and are in general different for different orders [17] , and the resultant pQCD series is thus identical to a schemeindependent β = 0 conformal series [9, 10] . Due to the elimination of the {β i }-terms, the divergent renormalon terms n! β n i α n s disappear accordingly, and the pQCD convergence can be greatly improved. It has been found that the PMC follows the RG-invariance and satisfies all the RG-properties [18] . In the paper, we shall show that after applying the PMC, a more accurate Υ(1S) leptonic decay rate can indeed be achieved.
The remaining parts of the paper are organized as follows. In Sec.II, we will present our calculation technology for the Υ(1S) leptonic decay rate up to N 3 LO level. In Sec.III, we present numerical results. Sec.IV is reserved for a summary and conclusions. One appendix provide some computational details for PMC.
where C F = 4/3. As a further step, those perturbative coefficients e i and f i can be separated as
where 'C', 'nC' and 'us' denote the corrections from the Coulomb potential, all other non-Coulomb potentials and ultrasoft gluon exchange, respectively. The one-loop and two-loop corrections for the Wilson coefficient c v have been given by Refs. [24, 25] . The fermionic and the purely gluonic three-loop corrections to c v can be found in Refs. [26, 27] . The one-loop correction for d v can be obtained from Ref. [28] . For the bound state contributions, its NLO term is from the Coulomb potential, and the ultrasoft correction appears first at the third order. Thus, we have e [19, 29, 30] . Up to N n LO level, one can reformulate the pQCD approximate of the decay rate Γ Υ(1S)→ℓ + ℓ − in a perturbative series as
The LO C 0 can be derived from Eqs.(2-8), and C i (i ≥ 1) at each order is a combination of the coefficients c k , d k , e k and f k at different orders. There are three energy regions for Υ(1S) leptonic decay, which are characterized by three typical scales, i.e. the hard one µ h ∼ m b , the soft one µ s ∼ m b v b and the ultra-soft one
, the soft scale m b v b is usually replaced by m b C F α s , which is the characteristic scale of bottomonium and is connected to its Bohr radius,
Under the conventional scale setting, i.e. the renormalization scale is fixed to be its initial value (µ r ≡ µ init r ) that is usually choose as the typical momentum of the process, the short-distance and bound-state corrections possess both renormalization and factorization scale ambiguities due to the truncation of perturbative series. The factorization scale problem is another important QCD problem, especially for the present case with several energy scales [17] . It has been noted that a proper choice of renormalization scale can lead to a smaller factorization scale dependence [31] . In the paper, we shall concentrate our attention on solving the renormalization scale ambiguity and shall take the same choices for factorization scales in different energy regions as those suggested in the literature, that is, we fix the factorization scales as: [19, 25, 29, 30, [32] [33] [34] [35] . We note that there exist logarithmic corrections such as the double-logarithmic ln 2 α s -terms [36, 37] and the single-logarithmic ln α s -terms [38, 39] in the perturbative bound-state contributions. The origin of those logarithmic corrections is the presence of several scales in the threshold region. They represent a logarithm of the ratio of scales, e.g. a ratio of the hard scale (m b ) to the soft one (m b v b ); the resultant ln v b equals ln α s for bound states that are approximately Coulombic, v b ∝ α s [38] . These corrections are not generated by the renormalization group but are related to the anomalous dimensions of the operators in the effective Hamiltonian [4] . Thus in the following PMC treatments, the value of ln(α s ) is fixed and treated as conformal coefficients, e.g. ln(α s ) = ln(α s (µ s )) ≈ −1.1782.
With all the known results, we are ready to do a PMC analysis of the Υ(1S) leptonic decay rate up to N 3 LO level. Practically, one can adopt any value µ init r as the initial renormalization scale to do the renormalization, whose value should be large enough to ensure the pQCD calculation. The three-loop Γ 3 can be written as
The coefficients c i,j (i > j ≥ 0) can be obtained from Refs. [19, 27, 29, 30] . In those references, the coefficients are usually given by setting the factorization scales to be equal to the renormalization scale and by setting the renormalization scale as m b . Thus before applying the PMC, one should first reconstruct all the coefficients with full factorization and renormalization scale dependence. This goal is achieved by using the scale displacement relation derived from the RG-equation (1) . That is, for the coupling a k s (µ 1 ) at k th -order, it can be related to the coupling at any other scale µ 2 as
The derived coefficients c i,j (i > j ≥ 0) with full factorization and renormalization scale dependence are put in the Appendix. As a check of our expressions for c i,j , we recover the Eq. (3) of Ref. [6] by taking their choices of
and n f = 4, and by rewriting (ln
Furthermore, by setting µ r = m b , the threeloop Γ 3 can be simplified as
Following the standard PMC procedures as shown in Ref. [10] , we can obtain the required {β i }-series at each order from Eq.(11), i.e. 
The β i coefficients r i,j (i > j ≥ 0) can be obtained from the n f coefficients c i,j (i > j ≥ 0) by applying basic PMC formulas listed in Ref. [10] . The non-conformal coefficients r i,j (j = 0) are functions of µ init r ; while, the conformal coefficients r i,0 are independent of µ init r . For convenience, we present the conformal coefficients r i,0 with explicit factorization scale and/or initial scale dependence in the Appendix.
After applying the PMC, the three-loop leptonic decay rate Υ(1S) changes to
where Q i (i = 1, 2, 3, 4) are PMC scales at each perturbative order, whose expressions with explicit factorization scale and/or initial scale dependence are put in the Appendix. To eliminate the non-conformal β-terms, the renormalization scales at each perturbative order have been shifted from its initial value µ init r to the optimal ones Q i at different orders. The PMC scales at each order are determined unambiguously by resuming all the same type of non-conformal β-terms governed by RGequation into the running coupling. The resulting pQCD series is identical to the one of the conformal theory with β = 0 and is thus scheme independent. The PMC scales correctly characterize the virtuality of the propagating gluons and thus also allow one to determine the value of the effective number of flavors n f . Because of lacking even higher-order β i -terms, we cannot determine Q 4 , and we simply set Q 4 = Q 3 in the following calculation. This treatment will lead to residual scale dependence, which, however, will be highly suppressed [17] . (10) and stands for the decay rate with up to n th -loop QCD corrections.
III. NUMERICAL RESULTS
We adopt four-loop α s -running to do the numerical analysis of the three-loop Υ(1S) leptonic decay rate. By taking α s (M Z ) = 0.1185 [7] , we obtain Λ = 0.214 GeV. We take the fine structure constant α(2m b ) = 1/132.3 [40] . Using the highest known three-loop relation between the pole mass and MS-running mass and taking the b-quark MS-massm b (m b ) = 4.18 GeV [7] , we obtain the b-quark pole mass m b = 4.92 GeV 1 . We first present the decay rate Γ Υ(1S)→ℓ + ℓ − with different loop corrections in Fig.(1) , in which the conventional scale setting method with the renormalization scale µ r ≡ µ init r is adopted. To be self-consistent, when calculating Γ n , the (n + 1) th -loop α s -running together with its own Λ QCD value are adopted. Fig.(1) agrees with the conventional wisdom that with the increment of loop corrections, the conventional scale dependence becomes smaller. It also indicates that the higher-order terms are important for an accurate pQCD prediction.
In Fig.(2) , we present the initial scale dependence for the PMC scales Q 1 , Q 2 and Q 3 . Fig.(2) shows that the PMC scales Q i are almost independent on the choice of initial renormalization scale µ in final expresses ensure the correct using of PMC, since only those β-terms that are pertained to the renormalization of the running coupling should be absorbed into the running coupling. Here we also do not consider the non-perturbative corrections/uncertainties for |ψ The non-conformal terms determine the renormalization scales at each perturbative order and the conformal terms as well as the resultant PMC scales accurately display the magnitude of the pQCD correction at each perturbative order. After applying the PMC, the pQCD convergence can be improved due to the elimination of divergent renormalon terms. For example, we present the contributions from each order for Γ 3 in Table I , in which the results before and after the PMC scale setting are presented. Under conventional scale setting, the N 2 LO term is about 90% of the LO term, and is almost three times of the NLO term, breaking the pQCD nature of the series. After applying the PMC, the pQCD convergence is improved, the magnitude of N 2 LO term is about 16% of the NLO term and the magnitude of N 3 LO term is about 8% of the N 2 LO term. This can be show more clearly by defining a K factor (K n ) that equals to the magnitude of the ratio between the n th -order term and the sum of all lower-order terms. The K factors for NLO, N 2 LO and N 3 LO terms are presented in Table II . In Fig.(3) , we present the three-loop Γ 3 versus the choice of initial scale µ init r , in which the results before and after the PMC scale setting are presented as a comparison. Under conventional scale setting, the decay rate Γ 3 shall first increase and then decrease with the increment of µ init r ; If setting µ r ≡ µ init r ∼ 3.5 GeV, we obtain its maximum value, which however is still lower than the central PDG value by about 30%. After applying the PMC, the decay rate Γ 3 monotonously raises with the increment of µ init r , and the renormalization scale dependence has been greatly suppressed. By taking a hard enough scale such as µ init r > 4 GeV, the computed PMC scales and the final PMC prediction for the leptonic Υ(1S) decay are highly independent to its exact values. If taking µ init r = m b , we obtain
which agrees with the central PDG value within 2% error [7] . For the present process, the perturbative series starts at α 
where the first error is the residual initial scale dependence for µ init r ∈ [3, 10] GeV, the second error is for α s (M Z ) Exp. = 0.1185 ± 0.0006 [7] , and the third error is the estimated unknown high-order contributions. The errors in the second line stand for the squared averages of those errors. The unknown high-order contribution is predicted as ±|C 3 a 6 s | MAX [11] , where the symbol (18) keV [7] , is included as a comparison.
"MAX" stands for the maximum |C 3 a 6 s | within the region of µ init r ∈ [3, 10] GeV. This RG-improved pQCD prediction agrees well with the experimental measurement. It is noted that for the present case, even though the PMC scales themselves are almost flat within the region of µ init r ∈ [3, 10] GeV, cf. Fig.(2) , there is large residual scale dependence in comparison to the previous PMC examples, such as Refs. [41] [42] [43] [44] . Thus we need to know even higher-order β-terms for this particular process so as to achieve accurate PMC scales and PMC predictions.
On the other hand, the present PMC prediction on the Υ(1S) decay rate together with its errors can be compared with the prediction under the conventional scale setting 
where the first error is initial scale dependence for µ init r ∈ [3, 10] GeV, the second error is from α s (M Z )| Exp. uncertainty, and the third error is the estimated unknown higher-order contributions. The errors in the second line stand for the squared averages of those errors. The central decay rate is lower than the central PDG value by about 34%, and the much larger errors in comparison to the PMC prediction are caused by the large value of N 3 LO term at the scale 3 GeV, which are consistent with observation shown in Ref. [6] .
IV. SUMMARY
We have studied the N 3 LO short-distance and boundstate QCD corrections to Υ(1S) leptonic decay rate of Υ(1S) → ℓ + ℓ − by applying the PMC. A comparison of the three-loop Γ 3 together with its pQCD errors before and after the PMC scale setting is presented in Fig.(4) , where the theoretical errors are squared average of all the mentioned pQCD uncertainties. With higherorder renormalon terms being resummed into the running coupling, the pQCD convergence of the resultant series are improved. Thus, the PMC does provide a systematic and unambiguous way to set the renormalization scale for any QCD processes and the accuracy of the pQCD prediction can be greatly improved. It is noted that we have not considered the non-perturbative corrections/uncertainties for |ψ 1 (0)| and E 1 , and for the decay rate Γ(Υ(1S) → ℓ + ℓ − ). Those studies shall further improve our present PMC predictions, which are out of the range of the present paper. In this Appendix, we first present the coefficients c i,j for n f -power series, and then present the conformal coefficients r i,0 and the PMC scales Q i for the three-loop Υ(1S) leptonic decay rate Γ 3 . The full renormalization scale and factorization scale dependence have been explicitly presented.
As mentioned in the body of the text, the coefficients c i,j (i > j ≥ 0) for n f -power series can be derived by using the scale displacement relation (12) from those of Refs. [19, 27, 29, 30] , which are 
